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I Gédel’s (In)completeness Theorems AT
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Completeness Theorem, 1929

There is a complete and correct calculus for validity in first order
logic.

, 1931

There is no complete and correct calculus for validity in arithmetic
over natural numbers.

Second Incompleteness Theorem, 1931

No consitent formal system which contains natural arithmetic can
be used to prove its own consistency.
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I Starting Point T
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w Logic basis {V, —, =} for first order predicate logic
w Signature X = ({0,1,+,-},0, @) with equality

a Standard model N = (N, [/) of natural arithmetic
(no approximation, no non-standard models)

m Calculus C: Any first-order calculus for \V.
For instance: Hilbert Calculus + (first order) Peano axioms
(axiom formulas, axiom schemas and the modus ponens rule)

Goal: Keep the vocabularies as small as possible.
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I Formal Preliminaries AT
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Variable Assignment

“© is true in natural numbers if free variable

N, x—v means
’ = x has the value v.”

Substitution

For a formula ¢ € Fm/ with exactly one free variable x and a term
t, we write ¢[t] to denote the formula arising if x is substituted by
tin ¢. If this substitution is collision-free.

Literals

The signature X does not contain the natural numbers (but 0
and 1). Any number n € N can be used in formulas via its
syntactical embedding n:

n=1+1+---+1 forallneN
—_———

n times
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I Proof Plan AT
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@ Arithmetic Representation:
There is a formula bwb (beweisbar) over ¥z that formalises
provability of any formula ¢ € Fmly.

N,x =Tl Ebwb < tc o

We say: Provability is arithmetically representable.

@ Diagonalisation:
Formalise “I cannot be proved!”
and have N =9 <= /¢ ¢
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Arithmetic Representation
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I Godelisation (sequences) AIT
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Godelisation

There is a computable, injection "-7: N* — N
with computable inverse function o : N x N -+ N.

Let m(k) denote the k-th prime number. (7(1) =2, 7(20) =71, ...)
Define

T(a1,a2,...,a,) = w(1)TA . ow(n)t R

(injection because of uniqueness of prime factorisation).
Inverse function: Retrieving the k-th entry in s € N:

a(s, k) = min{y <s|m(k)*s A m(k)¥*2}s}
(if the minimum exists. Undefined at indices beyond the length of s)
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Godelisation (formulas) AT
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Godelisation of formulas

There is a computable injection "7 : Fm/yy — N

Godel's encoding:
Any formula f € Fml is a sequence of symbols from a syntactic
vocabulary, i.e.,

leg{ 07 17 =+, :,—>,_‘,(,),V,X]_,X2,...}*
Ll
1 3 5
and f can be represented as a finite sequence of natural numbers
seq(f).
Define FpT:=seq(f)”
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Godelisation — modern viewpoint AT
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Godelisation of formulas

There is a computable injection " : Fmly — N

Today digital encoding is standard:

Let o € Fmly.
"¢ = new BigInteger(l, ¢.toString().getBytes());
Inverse operation:

¢ = Formula.parse(new String("¢".toByteArray()))
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I Primitive Recursive Functions

Let g and h be terms over Xz with n — 1 and n+ 1 free variables.
A definition of f : N” — N is by primitive recursion if it follows the
scheme
f(0,x2,...,x0) = g(x2,...,%n)
f(k+1,x,....,%0) = h(k,f(k,x2,...,%Xn),X2y--,%n)) -

Simple examples: n+ m, n- m, X(n,m) := m", F(n) := n!

X(0,m) =1 g(m) =1

X(k+1,m) = X(k,m)*m h(k,r,m)=r

F(0)=1 g()=1
F(k+1)=F(k)*(k+1) h(k,r)=rx(k+1)

By the way: Functions defined by primitive recursion are a uniquely
defined conservative extension.
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I Primitive Recursive Functions
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x/y
Prim(x)
nPra
n!
Pr(z)
nGle

()

E(z)
nVarz
Var(z)
Neg(z)
«Disy
xGeny
nNe
Z(n)
Typ,/(x)
Typ,(«)

Elf ()

Op(z,
Fr(x)
Form(z)
vGebn,
vFrn,e
vFrx

Suz ()

 ist durch y teilbar

@

eine Primzahl

n-te in z enthaltene Primzahl

Fakultiit von n

n-te Primzahl

n-tes Glied der Zahlenreihe

Liinge der Zahlenreihe =

Verkettung von = und y

Zahlenreihe mit =

leinigem Element

Formel & in Klammern

a st eine Variable n-ten Typs

 ist eine Variable

Negation der Formel z

Disjunktion von & und y

Generalisierung von y bez. &

Zeichenkette z mit n vorangestellten fs

Zeichenkette 7@

a st ein Zeichen ersten Typs

erm)

 ist ein Zeichen n-ten Typs

 ist eine Elementarformel (atomare Formel)

Hilfsrel

fon fiir Fr(z)

Hilfsrelation fiir Form(z)

 ist eine Formel

Variable v ist an der Stel

e n gebunden

Variable v ist an der Stelle n frei

Variable v kommt in & an mindestens einer Stelle

firei vor

Formel , nachdem an der Stelle n y cingesetzt wurde

used by GodelNIT

Karlsruhe Institute of Technology
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kStv,z
A(v,7)
Sbo (z3)

Sb(ey)

nThz

2-Ax(z)
A;-Az(z)
A-Az(a),..., Ay-Ax(z)

Q(z,y,v)

zImpy, zCony, r Aeqy, vExy

Hilfsfunktion fiir A(v, )

Anzahl der Stellen, an denen v in z frei vorkommt

Hilfsfunktion fiir b (z §)
Substitution von v durch y
Definition von ,—, ,A', , &, , 3

n-te Typenerhohung von z

 ist eine Instanz des Axiomenschemas 1.1, 1.2 oder 1.3

« ist eine Instanz des Axiomenschemas ILi
 ist ein Axiom der Axiomengruppe 1T

zur der

Li-Az(z)

Le-Az(x)

M-Az(z)
Az(z)
Fi(z,y,2)
Bu(z)

*By

 ist eine Instanz des Axiomenschemas I11.1

 ist eine Instanz des Axiomenschemas 111.2

st eine Instanz des Axiomenschemas IV.1
 ist eine Instanz des Axiomenschemas V.1
2 ist ein Axiom

 lisst sich aus y und 2 ableiten

z ist eine formale Beweiskette des Systems P

2 ist ein Beweis fiir die Formel y
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All functions are explained in Chapter 5.2.
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I Prim. Recurs. Functions as Formulas AT
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SATz VII (adapted)

A function f : N7 — N defined by primitive recursion can be
represented as a formula F(f) € Fmly with n+ 1 free variables in
the sense that

N, Defs = f(x1,...;xn) =y <> F(f)(x1, ...y Xn, ¥)

Proof Idea: (oversimplified, for n = 1)
Let Defr = f(0) = u,Vk.f(k+1) = g(f(k))

Defs = f(x) =y <> (Vs € N*. sop=u A Vk.s11=8(5k) = Sx = ¥)

Non-trivial proof.

The function symbol can be replaced by a quantification Vs : N* for a bounded
sequence. This can be replaced by Vn:N. Vd:N of two numbers thanks to unique
solutions in the Chinese Remainder Theorem — [Hoffmann 2013, Ch. 6.2]
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I Prim. Recurs. Functions as Formulas AT
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In particular: B(x, y) (x ist Beweis fiir y) is representable

N,x= S,y = TpT = F(B(x,y))
<= S describes a proof in C for ¢

bwb := Ix.F(B(x,y)) has one free variable y

Provability can be arithmetically represented

N,y=TolEbwb <= Fcop
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Recall: Programs are representable (— Ch. “Dynamic Logic")

Every DL program 7 can be represented as a formula x(7) € Fmiy
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I Proof Checker AT
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Proof checker

A DL-program PC over N can be implemented that two single
input variable S and n returns r = 1 if S is the godelisation of a
proof for the formula ¢ with "¢ ' = n in calculus C.

Provability (Idea)

bwb :=3S. k(PC)(S,x,1) with free var x

Calculus representable

N x—=TolEbwb <= tcop
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I Proof Plan AT
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@ Arithmetic Representation:
There is a formula bwb (beweisbar) over ¥z that formalises
provability of any formula ¢ € Fmly.

N,x =Tl Ebwb < tc o

We say: Provability is arithmetically representable.

@ Diagonalisation:
Formalise “I cannot be proved!”
and have N =9 <= /¢ ¢
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Diagonalisation
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I The set of unprovable formulas A\‘("'

a The set of all formulas Fmly with exactly one free variable is
recursive; let R : N — Fmly be an enumeration of all such
formulas.

m We are interested in the diagonal elements, i.e. the application
of the n-th formula to the value n:
R(n)[A] € Fmly

m Consider the set K of all unprovable diagonal elements

K:={n [c R(n)Al} ={n|N,x = "R(n)[A]" |- ~bwb}

. R(n) ... primitive recursive
] ... primitive recursive (substitution, No 31)
bwb ... arithmetically representable
= K ... arithmetically representable

m Thereis g € Nwith R(q) = K: N = R(q)[Ad] & ne K
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I “l cannot be proved” AT
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o K:={n |¥c R(n)Al}
a NER@Q)A] < neK
® R(q)’s intuition is “Formula x cannot be proved”

® What about ¢ := R(q)[g]? Intuition ¥ says: “0 cannot be
proved”, or “l cannot be proved”.

Assume ¢ 9

C2ud A= R(q)[G] = g€ K = Ve R(q)[d] ¢
Assume ¢ =)

€2 A SR(g)[G] = g ¢ K = Fc R(q)[d] 4
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I Contradiction AT
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¥ says ") cannot be proved”

./\/’):19 = lc?

Fed = NEY =
e = NE-9 = NEJI =hrcd

There is at least one formula ¥ for which neither 9 nor =9 can be
proved.

= The calculus C must be incomplete (if it is correct).
g
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I Concluding remarks

a Note: Calculus C exists = There is a decision procedure
(Examine ¢ and —¢ in parallel.
Since the theory N is complete, one must be true.)

a Reminder: Theoretical incompleteness is different from
practical incompleteness ... but often a good indicator

m Limitation of ZFC: Continuum Hypothesis independent
“There is no set whose cardinality lies strictly between that of
the integers and its powerset.”

Relation to Computability

= Programs (turing machines) arithmetically representable.
m Halting Problem —> Incompleteness
a Check proof for Halting problem: Similar diagonalisation idea
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